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1. INTRODUCTION .

The collective bremsstrahlung recoil force on a relativistic test particle

participating in a bremsstrahlung process in a nonequilibrium relativistic

«' beam-plasma system is given byl’2

WM

= -f (2m)~9 a38p a3% a3k ¥(% - #)- (¥ f£2 )

K% Pg PB (1)
£

34 V3 g, (R RINfo(uy - o5, ¢ (& - K)e3)

Here, vgwﬁs(i?,lf)é(ug - %e¥, + (¥ - ®)+¥3) is the bremsstrahlung transition
rate (probability per unit time) for scattering of particles of species a and
B, velocities Vo and Vg and momenta p, and Pgr where the scattering produces
momentum transfer % and the emission of a photon in mode ¢ with wave vector ) 3

i and frequency wf; N is the photon (plasmon) distribution function; and fss
}_j is the charged particle distribution function. Here and throughout, the units
:% are chosen such that i = 1, In this report equation (1) is derived from first
’ principles. This expression is useful in obtaining an expression for the
'1 collective bremsstrahlung transition rate by direct comparison with another
:;':: expression for the collective bremsstrahlung recoil force, which is determined
;‘ from the equation of motion for a dynamically polarized test particle under-
A going bremsstrahlung.l’2 This transition rate is important in calculations of
‘ collective bremsstrahlung and the conditions for the occurrence of the brems-
_':‘ strahlung radiative instability in relativistic beam-plasma systems (see the
L E work of Akopyan and Tsytovich, Selected Bibliography).
—: In section 2 the particle balance equations, including bremsstrahlung and
\,. inverse bremsstrahlung processes, are derived in terms of the basic brems-
'-";::_' strahlung transition rate. In section 3, the soft photon or quasiclassical
" limit of these equations is obtained and separated into spontaneocus and
::4 ly. w. Tsytovich, Bremsstrahlung of a Relativistic Plasma, Tr. Fiz. Inst.
*; Akad. Nauk SSSR, 66 (1973), 191 [Proc (TRUDY) of P. N. Lebedev Physics Inst.,
ot 66 (1975), 199].
n:s" 22, v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plasmy, 1 (1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].
. ; . .
%

B R A Y

‘.l l"l' \' )' l. .\ ‘.v‘\' |"||..' l\l | VI

R



ity 15AA%

RY R

v ,‘ : «
: induced contributions. Expressions are obtained for the diffusion coefficient b3
; and induced recoil force due to induced bremsstrahlung. In section 4, the 5
' general form of the induced recoil force is determined in terms of the brems- l
‘\{ strahlung radiation field, particle distributions, dielectric permittivity, <
“~ =
}3 and bremsstrahlung transition rate. Section 5 summarizes the main results of y .:
X the derivation. ¥
» o
g
Y 2
o 2. PARTICLE BALANCE EQUATIONS 2
N =
2 7
We here derive the particle balance equations in terms of the basic brems- o
1 strahlung transition rate, for beam-plasma configurations in which bremsstrah- %
) lung and inverse bremsstrahlung are the dominant processes. For this purpose, ,,i
)
J consider the elementary bremsstrahlung process depicted in figure 1. Here a ‘_}‘
particle of species a and momentum §a scatters off a particle of species B and
momentum 38 and emits a photon of momentum k. Figure 1 is not a Feynman
. diagram since it represents the probability for the process and not its ampli-
! tude. If the momentum decrease of particle a is denoted by E, then the momen-
tum fw& of particle a after the collision is given by
L]
<,
g
L
! B =B, -~ % . (2)

Then, by conservation of momentum, the momentum of particle B after the colli-

sion is given by

By =dg+k-% . (3)
k
Pa v, =P, - x Figure 1. Elementary
bremsstrahlung process which
“’ 5, k) = removes particles of species
@ a from point P, in momentum

space.
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= The quantity wg '58(.’:.%) is the probability per unit time that in the scatter-
-y a

:." ing of a particle of the species a and initial momentum §a off a particle of
A species B and initial momentum 55, a photon of momentum i in mode ¢ is emit-
% ted, and there occurs momentum transfer ¥ - l': to particle 8. By time-reversal
%)
:‘ invariance, the transition rate for the inverse process (in which a particle
.:E of momentum §a absorbs a photon of momentum 4 and scatters off a particle of
A momentum EB with momentum transfer ¥ to particle a) is then given by
’ y wgu‘._zrss_z_._g(z,i]. This process is depicted in figure 2 in the leftmost
) figure, which is the time-reversed process of the figure to its right; there-
S fore, the transition probabilities of the two processes are equal. The
I > >

; inverse process is denoted by wga‘”"PB‘z*ﬁ(K'k) in the notation of figure 1.
The equality of the probabilities of the direct and inverse Processes due to
~
3 time-reversal invariance is also known as the principle of microscopic revers-
2-3 ibility or reciprocity, and leads to the principle of detailed balance. The
;‘ processes of figures 1 and 2 both deplete the density of particles of type a
(: at point ﬁc in momentum space by adding or subtracting momentum.

»

“

A

Figure 2. 1Inverse bremsstrahlung

a1 process which removes_’particles of
o species a from point P, in momentum
,‘.-: space. First equality follows from
) time-reversal invariance.

2 = WE +Zp3~7+ k&R
R
b
The particle density at point ﬁa increagses because of the following two

processes, The inverse process to that in figure 1 produces gain at point
+»

Bye By time-reversal invariance, this is again given by wg 58('(',‘)' as

depicted in figure 3. Similarly, the time reversal of the process in figure 2
> »

also adds particles at point P, with transition rate wgu&'ﬁs_z*(x,k), as

depicted in figure 4.
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% - x
By =B, - % P =
Bpmppt+i-k P Bp=pgti-k
= Wﬁa,tp(;.:)
¥ v
" Figure 3. This process adds particles at point
o Py in a momentum space.
o
.
‘::; E i - -
- - +
‘.. Py +x Py + %
?L - -
P, = Py

i

\' -

. - - - - p - -
W
‘ “‘m

* = WE_+2pp-7+kix
%
5‘ Figure 4. This process also adds particles at

‘ point P, in momentum space.
3
f.’ Taking these four processes into account including both spontanecus and
f‘f induced emission, we find that the particle-balance equation giving the time

rate of change of the particle distribution ff’a for particles of type a at
point ﬁc in momentum space is
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- - -9 a3k a3pa a3« wd g.k) (N + 1
[ (2m)=% a% a pg d°«x f> pr pa'PB(K ) (v + 1)

3t

- [ (2m)7° a3k adpg a3k Nkf* f38w9 +E,§B-E+i(t'ﬁ)

(4)

+ [ (2:)79 a3k a3y a3k f £ % £ » (%,%)

Pgw-k ¥ Pa Pg

-9 g3 43 3 g 2) (N
+ [ (2m)~9 a3k ad¥pg a3k 3, 4% Epg-tek w5a+§,§s-?+f(§’k)\ni +1) .

The first term in equation (4) represents the rate of decrease of particle
density at point Ba due to the bremsstrahlung process of figure 1. The func-
tion f+ is the distribution function for particles of species B8, and Ng is
the photon distribution function. The factor N o+ 1 takes account of both

induced and spontaneocus emission. An integral owlr‘er all possible photon wave
vectors, scattered particle momenta f:B, and momentum transfers ¥ also neces-
sarily appears in equation (4). The factors of 2n arise from counting quantum
states. Thus, for example, d3lt/(21r)3 is the number of quantum states per unit
volume with momentum‘ﬂi: in the interval d3i. The same phase-space normaliz-
ation for the particle distribution function as in 'I‘syt:ov:i.c::h1 is used here,

namely,

' (5)

where ng, is the number of particles of species a per unit volume. The second
term in equation (4) represents the rate of decrease due to the inverse brems-

strahlung process of figure 2. The third term represents the rate of increase

ly, N. Tsytovich, Bremsstrahlung of a Relativistic Plasma, Tr. Fiz. Inst.
Akad. Nauk SSSR, 66 (1973), 191 [Proc (TRUDY) of P. N. Lebedev Physics Inst.,

66 (1975), 199].
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due to the inverse bremsstrahlung process of figure 3. The fourth term repre-

sents the rate of increase due to the bremsstrahlung process of figure 4.

Combining terms in equation (4) produces

¥ 3 a%k adpp a3k

s a g > > g fo]

: = =) —m—————— W+ + K, k]]|f> £> > + 1] - N> £+ » £+ » »
at I (2m)9 ParPB( ' )[Pa Pe(Nk )- & Pa~K PB*"‘“]

(6)
> > *>
d3k d3p3 daK o > > o e
- ————Ww> 2+ > 2+ +(kk) £2 £2 N» - £> o £2 > (N> + 1)] .
(2“)9 PatK,Pg-K+K Pa PB PatK pg-K+k‘ k

A Breaking equation (6) into its induced and spontaneous parts results in

‘s

é f» of» Af»>

Y Pa _ Pa + Pa (7)
_3: ot at /i at Js

‘l\

where the induced part (afsa/at)i is that proportional to the photon number
i density N)% and the spontaneous part (afsa/at)s is that independent of ng.
‘ Thus

A
»

Y

» of» > > >

p a3k da3pg a3«

£ Pa = -I —-——pB——-—Ng wg > (:,;)[f# £+ = £+ > £+ » +]
ot /i (2m)9 k | ParPsg Pa PB  Pa-K Pg+K-k (8)
. o .

> + W32, Bg-tt (8 R) [f;afg,s - £3 4% fss.m],
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$§
\ of» > 3> 3*
e a¥% adpg ad«
R4 Pa = -I Pe W+ [:,i)f-b £»>

. Lt /s (27)° ParPg Pa PB (9)
B g (> >
N - W3k, gt (KR )Ep ik fas-m] -
T
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3. SOFT PHOTON AND SMALL MOMENTUM TRANSFER APPROXIMATION

51 We next assume that the momentum transfer % and the momentum K of the
N radiated quantum are small relative to the relativistic particle momenta f’a'
ks
' and BB' thereby enabling Taylor series expansions for wga+-§’58_§+ﬁ, fsa_z,
::", fse 3. fsa*_-;, and fﬁ B_z,._z in equation (8). Thus we assume that
e2d
1e
Yo

..(\. .

> > >

, {1l [kl } << {|p, |- Ipgl} - (10)
[
iy \S

)

-';l This is evidently consistent with the Born approximation for plasma, namely

that the relativistic particle momentum is much greater than the electromag-
by :'_i netic impulse received by a plasma particle in a time interval given by the
%"f inverse plasma frequency.l-s First expanding wga&'sa_zm about Ba in the
::J:'-: first variable, we obtain
AR
AL
130
:,1 i ,
% ly. w. Tsytovich, Bremsstrahlung of a Relativistic Plasma, Tr. Fiz. Inst.
- Akad. Nauk SSSR, 66 (1973), 191 [Proc (TRUDY) of P. N. Lebedev Physics Inst.,
7 66 (1975), 199].
::\‘- 27, v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium K
X Plasma, Fiz. Plasmy, 1 (1975), 673 [Sov. J. Plasma Phys., 1 (1975) 371]. .
:‘? 34. E. Brandt, Nonlinear Dynamic Polarization Force on a Relativistic Test K
’2, Particle in a Nonequilibrium Beam-Plasma System, Harry Diamond Laboratories,
oy 'HDL-TR-1994 (1983).
‘\: “4y. E. Brandt, Nonlinear Force on an Unpolarized Relativistic Test Particle
N to Second-Order in the Total Field in a Nonequilibrium Beam-Plasma System,
N Harry Diamond Laboratories, HDL~TR-1995 (1983).
‘\ SH. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-
:}:i\ ‘librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
: 1996 (1983).
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Next expanding equation (11) to second order about BB in the second variable
gives
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Sy

g = Wg - : g
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V3

3 i
= (kg = kg )(ky = x a”8 a8 (12)
5 (kg - kg )(ky - x4) 75519755 ! Tpaz
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; 2w » 2wg »

o e PQ'PB PasPB
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Also in equation (8) the following Taylor series expansion applies:
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e

(8,585 - tha-t Bastct] = Thutty

- 3ty ; asz

v a a

g - |fr -k — —| ]t 13
; Pa ~ "1 Bpas T 2 "1"3 Ipaydpay || P8 (13)

aff)g . azf;,‘3
3 (k2 - %e)(xn - *n) 3550
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Subgtituting equations (12), (14), and (15)

of 3{ 3> 3>
Pa 4 4 pPg d°k ¢ o > & Pg
(at )l I (2%)9 N‘l: {WEG,BB(K'k) -("l = kl)fsq 3pay

32¢»

3f; 85;8 5
a
+ xi (kg = kg) oi gy 2 “iK3
Af»
- (kg - )3 T
af; 3f;8 .
[+ ]
- ea(ke - k) 5o apg, T 7 KNS
ot
ar
—_ | -(xy - kg - K
pgr | ( i “i)( n lll)f’
awg 3 i of+
g [y (ky - kg)E2
Pai L Pa 9Pgnm

Pxz 9Pfm

P "3
8 - ‘i‘!fss p 2
aR,

FOMRORA R A S SO ST A N RO > .:1} -0 -H .&j_f'.; R

in equation (8) produces

f >

of >

1 8 a
5 (kg - kg)(%m - km)f;,a azoren * t Tpay The

2fs
Pa

— f
3PaidPqj Bs

32f» If+>
Pg Pa

1 ———e
-3 (ke - x)0km - m)f3 Spmpen ~ ¥i%3g T5ag

32f»>

Pa
f¢ ——
P8 9PqidPaj

of> » of»
Pg Pa
= (ki - "i)"mfsa apm]

The first and sixth terms of equation (16) cancel. Also, the third and eighth
terms cancel. Combining the fifth and tenth terms, the second and seventh

terms, and the fourth and ninth terms,

and integrating the eleventh and

tvelfth terms by parts, we find that equation (16) becomes
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L o

If»> > 3* 4 e
(73%2)1 =- a ii?eda'( N ‘wswﬁs(:r’:)['(“ - ke)(km - knEp, mz%sa
f+ If» 32f»
+ 2¢5 (kg - kg) 5;;5 EYTRR 35;;555; fﬁs]‘
32f>
gy [0 0 i,
3f;8 oy
+ (k1 - Kj ) Km 3981 apm]
awgwss [ e - ) > .< a3 ]}
—ap“i “KilXm n/ oy aPB i zfpg dPag

The first and fourth terms cancel; the second and fifth terms combine; and

after terms are rearranged, equation (17) becomes

(afsa) [ &% oty asz[ Wiads o,
ot )i T (2%)9 1% Tpyy k PB 3933
%€
+ xirngalss(:,ﬁ)ns fgs 35;2232;
ay W p : (%,k) (18)
- xi(xj - kj) 3p5: :i;af N]%f;a

af; 3f+
- "i("j = kj) aPBj p 'pB( )Nk Pai .
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N Equivalently, ::

Af» 3 3 of»
‘e Pa 3 d3kd|cdp3.... g Pa 3

(19)

35;8 o o
> >
Ky = k) 7583 wﬁwﬁs("’k)uf oo

A a% a3k adpg (
Pai (27)9 .

Y
N 4. INDUCED RECOIL FORCE DUE TO BREMSSTRAHLUNG -

Equation (19) may be rewritten in the form of a diffusion equation as

gy

follows: -
-3 s
- B
(af; . afs ) <
N [} o ] a
T = D, s + F £+ 20
f.}‘ ot /i 9pgy aij 3Pqy 3Pqi ui. Pa/ ' (200
by
1
where the induced diffusion coefficient "311 is given by .,
3
S a3t atk a%hg 3
c o + 0 X
D = kKik4W+ +» (K, k £+ 21) -
¢ aty = J TSR LW W AR, - Pg ' (
g 3
n( .\
B " -'-
."j and the induced dynamic friction force or bremsstrahlung recoil force is given ~
i by 0
~, = - k- k)e(¥ wd o (k)N . (22) X
ey G RR - R)e (Tt W2 o (% R)NE N
P, ¥ . A
< 5
\. ..
: Equation (22) is the sought-after expression for the recoil force on particle .
g 1Y
:j @ due to the induced bremsstrahlung process. Energy conservation can be t
:; explicitly factored out of the transition rate appearing in equation (22) as .
:',j follows. The bremsstrahlung transition probability vgmss(?,ﬁ) in equation ::
O (22) must conserve energy. Therefore
’.':: 16 .
. 2
o
27 .
3 ‘

s,

. -"
\\" oo 'K: "-.' -.’ ."\ -." O

--‘n"‘

-."\ "\.’\




f._-
P -
) o
.. €+ + E+ = EF + + EF >+ (23)
K Pq ~ Pg  Pa-k | Ppgrk-k * k¢
é where esa denotes the total energy of the particle of species a and momentum

ﬁa. Using the conditions in equation (10) produces, to lowest order,

&
eﬁa_g = 650 - K.$Pa€3a (24)

and

&
€58+E'ﬁ = esB + (¥ - ﬁ)-vpse§8 . (25)

-rs e e
. s

Next, using relativistic kinematics, we obtain

 J

\ = 2)2 2,211/2 a -3

N ﬁpaesa = pc[(mac )2 + p2c?]1/2 = s Vg - (26)

(V]
{
ﬁ Using equation (26) in equations (23) to (25), then to lowest order in %
and ¥, we obtain

; > > +) >

y W = KeFy + (K - k) . (27)
;

‘f Factoring this expression of energy conservation explicitly into the brems-

’

A% strahlung probability wga'sa(n,ﬁ). we define the quantity vga'ﬁs(z,t) by

.15

L.l

" 2 - = CA- - . .

; W8 3a (B8 = VB g (R E)6(ug - 23y + (¥ - R)-3y) (28)
¥

A

;

]

'y

3

)

L
‘4
- 17

<

4

‘

N

‘
2

N T AT At Y T O et w N DU AR
B ROV L LA ORI

t e () » e LIRS Pt L BN N
e ta T " " Wt o e w T e g™, - h
e D AN A R A SR NN




t:'-,—;‘ Substituting equation (28) in equation (22) gives

2%
0
adpg adx a3k *
Fo - - ’K- (9 f+ Vg MR

(29)
x N35(uf - Felg + (% - R)Tg) .

Equation (29) expresses the recoil force on a particle of species a due to
induced bremsstrahlung as an integral over particle momentum 38' photon wave
vector f, and momentum transfer %. The integrand involves the particle dis-
tribution f§ of the scattering particle, the bremsstrahlung transition rate
Pa ps(x ,£), and the photon distribution N%.

The delta function in equation (29) expresses energy conservation in the
bremsstrahlung process in the soft photon and small momentum transfer approx-
imation for relativistic particles. Equation (29) agrees with Tsytovich's
(4.1)1} exactly. It differs in sign from equation (3) of Akopyan and
Tsytovich,z which apparently has a typographical error.

The photon density N]-g in equation (29) can be expressed in terms of the
associated field as follows. The power density delivered to the electromag-
netic field is given by

S =3F . (30)

ly. w. Tsytovich, Bremsstrahlung of a Relativistic Plasma, Tr. Fiz. Inst.

1al

Akad. Nauk SSSR, 66 (1973), 191 [Proc (TRUDY) of P. N. Lebedev Physics Inst., o
66 (1975), 199]. :.::
o' 23, v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium o
-t ~ "

Plasma, Fiz. plasmy, 1 (1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].
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Using Maxwell's equation

in equation (30) produces
du 35
—--(Vxﬁ--a—')f .

Equivalently,

ab
%% = V-(Exﬁ) ~ oYt + Eo 3 °

Substituting Maxwell's equation

B
Vxﬁ--:—

t

in equation (33) produces
du [ ] .as .gé
o) o (e Bag2B)
Equation (35) is the energy conservation theorem

du du
Ez" $'§ +~sz- ’
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where 3 is the Poynting wvector

=Bl , (37)

u is the enerqgy density in the electromagnetic field, and

du _ 2 3§+§ 35

3t - He . (38)
The Fourier representation of the electric field is
£ =] a% a ﬁkei(ﬁ';"“’t] (39)
and
n
)
> DS
B = [ a3 dw Byei(KeE-ut) | (40) 3
oR
Also, by the plasma constitutive relations i
Dxi = €55 (K w)Byy (41) oy
>
o
Furthermore, taking the Fourier transform of equation (34) produces < 7'
# * -...l
R
A
B = = . (42) N
-“‘i
Also, >
"iqj
oY
2
g-B . eoc?B . (43) -
Ho e
20 '_:::
n
] e s e RN
‘) s’s (\}\1\: g ‘.-.._\'f.\." . ""' e T DT . :‘:

\ P, A - . . A Y '- - '.... .....'..-“ .“ ... ; :'.-; ..~. PR .~ e, ..--. . LY . N : . .
\‘2 "si o R RN TR IR OV et . : O\



SRy el Y 0 Rl S ) e i S i S i 7 g O gy 2 WS A% v A - - SO R R R AR S A B 4 S e 2R o S A i R AR

AL S

Ny,

ng
‘.-

v |

&

'v.‘- 0
l
a A s

v 'u;:v

Next, using equations (39) to (43) and the appropriate Fourier repre-~

R

sentations in equation (38) gives

.
o

vndame]

s (.2 > >
S =] &K aw e aw Eet (RE0) (Lign)es (RY, 0t e gel (RTIE0'E) (aq)
kxBy )i i(ReZ i T
+ eoc2 f a3k aw a3%k' dw’ ___(k"ik)x el(i.r-mt)(-iw') (k "flf')l el(k'-r-w t) .
By an ordinary vector identity,
(ixﬁk)i(f'xﬁk.)i = (ﬁxﬁk).(f:lxﬁk')
l > > (45)

. Substituting equation (45) in equation (44) gives

%- -i f ak dk'[m'zkieij({'rw')zk'j

b 5 R by - R i-ﬁk]
. B, By k' oEy) (46)

w
}
: > > +>
i{{k+k' jer=-(wtw']t
[
Y]
'\
) where dkx = a3% duw. Symmetrizing egquation (46) in kX and k' produces
i N
2 o
¥ ‘\"’-.
1 .-_'-
¢ -
. N
-~ b
- wyg
) v Y
oo
3
X 21 N
) S
S
| -
. Y.
/ \'(.-_1
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SR AP o AL DA

%%- - '%I dk &'{Ek'ieij(ﬁ' w)(ﬂEkJ + EkiW'eij(k'lw')Eklj

+ el + ! ,[g_ﬁ__gk 3. - (B, ) (k' By ) ]} (47)

we'

« LL(R#R")oT-wrut)t]

The total field involved in the bremsstrahlung process, Ek' is given

elsewher:e,S namely,
g = 282(0 + &R , (48)

where Ef(’(o) is the 1lowest order stochastic bremsstrahlung radiation field
and Q is the regular nonradiative component. The bremsstrahlung field
written in terms of its polarization vector 3,“’ is given by

EE(O) = 3gE°‘°) ’ (49)

where

&g.88" =1 . (50)

Sy. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi=-
1ibrium Relativistic Beam—-Plasma System, Harry Diamond Laboratories, HDL-TR-
1996 (1983).
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The stochastic properties of the bremsstrahlung field are approximated to the .,-'?',3
4
needed order by

E&2{%5 -0 (51)

and

e e Wt WE wn o e

ELO D> = oo 202 ok + k) 52)

(these are eq (49) and (50) of a previous work®). Therefore, substituting
equation (48) in equation (47), keeping only the lowest order bremsstrahlung
field, integrating equation (47) over time, and using equation (51), we find
that the ensemble average energy density in the field is given by

o

> = ad? + R, (53)

where

. pryn g -

=] fLav =4[ & dk'%a—%,—v [eijti.w)mwg;o)sgsgb

+'
+ w'eij(ﬁ',w')<Egj(_°)Egsg)>] + goc? %r‘ <§,‘§‘°’-§,‘:$°’> (54)

R

- X ) el (K+K*) - (wtw')t]

P AP

R

is the bremsstrahlung part, and <u>  is the regular nonradiative part. Only

<u>? is needed for the present work.

bV A P,

-

Sy, E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonegui-

‘ librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
g 1996 (1983).
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Substituting equation (52) in equation (54) and using the definition of

the four-dimensional delta function,

s(k) = 83(F)6(w) = (217" [ a3% ae e-i(ReE-ut) | (55)
produces

* *
w>? = %-f & dx° ‘;—%—;7 [;gieij(f.w)wegj + eﬁim'eij(f',w')efj]d(w +w')

(56)
> » > >0%> >0
kek!' * keeg k' ' (0142 '
* eoct [—..;r %3 '—w--—]“w *o ’] LA IELCRS SR
In equation (56) we define
I(k) = f dk* ﬁ‘-%n%:—} 53(1: + f')[ef;eij(ﬁ,w)wegj + egiw'eij(l:',w')e]?;] . é
w+w (57)

Changing the variable w' to w" = w + ' and integrating over f', equation (57)

becomes

* ‘
I(k) = o eij(l:' w)m:j + (wn - w)ekoieij(-;'w“ - W)e]g;] . (58)

Expanding the second term in the integrand of equation (58) in a Taylor

series about w" = 0, then

) {eﬁieﬁ (K w)wely - wegyeyy( K -w)eg

(59)
L] ___ 0'
e (C - wegiegs (K wm - w)es|¢ -
By the reality of the fields, it follows from equation (41) that q
* .-:‘
eij(.t' -w] = eij(i' w) . (60) -’l
;
.:‘
S|
g
24 ~
N
.':‘
N

Ee, e
s

Xy

, ol 2 A .-.'(J‘.’f-‘ VR S TR \.‘s‘\ “~

o >~.-:~:\ R 3_!\._}..' RN .-Q.-j
COX SO, \‘\ o

TR o e Y STREN AT Tt : Qg

W




LR

o LML AL -

2R Ay N

- ~ L Rl B B A LR Y

Substituting equation (60) in equation (59) and simplifying the second term

-causes equation (59) to become

I(k) = 2i f d—::::— G(w“)w Im e]c:i*Cij(i:r w)egj (61)

9 o > g*
+ 5o [wexieqj (& -w)egs) .
The dielectric constant €%(k, w) for mode ¢ is defined in terms of the

dielectric permittivity tensor eij[ﬁ.w) and the unit electric polarization

vectors &7 by
2
e (K, w) = eg;eij(ﬁ.w)egj + e, i; (k-80)(%-e2") (62)

(see Other Works by Tsytovich, Selected Bibliography).
Noting that the second term of equation (62) is real, and substituting

equation (62) in equation (61), we obtain

I(k) = 2iw Im €%(k,w) | 2%; §(w")
(63)

a *
+ 30 [wexiesg (ki -w)egs] .

If mode decay or growth are ignorable, then the mode dielectric constant
eo(i,m) is real and the first term of equation (63) may be dropped. In that

case equation (63) becomes
] > o*
I(k) === (wegyesy( Ko -w)exy] . (64)

If we next integrate the second term in equation (56) and substitute
equations (50), (57), and (64), equation (56) becomes

1 3 :
<u>’ = 2 ] ax [7,; (°131“’Eij("t' ""ng) (65)

2 2
+ e:j (k2 - E~$£*E-Z£)]|z£‘°’| .
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;j: Changing the variable of integration from k to -k in the first term only,
;f.: using the reality property of the fields to replace e‘_’_kEf’_]io) by eg*Eg(o)*,

substituting equation (62), and simplifying, causes equation (653) to become

\ 2 *
. a’ =1 J ax [%’(H (weo(ﬁ. w) - €q c_u) Keegkeey )

e 2
L-.
';
(66)

g 2

) €oC 2 . o g(0)}2

L + 2 (k2 - %-80%-89")[|e2(|" .

.{A

-

) Simplifying equation (66) results in

. o

- w>? = %f dk [eo(f. w) +w 3—‘:—234"-)- + €, gi_ cz]ll:‘.g(o)'z . (67)
‘ w w

; The zeroth-order dispersion relation for the bremsstrahlung wave is given by

the poles of the photonic Green's function G in equation (22) of a previous

J

. paper5 or, equivalently, the zeros of the determinant of GJ-:ll in equation (18)

of that paper.’ Thus the bremsstrahlung field Ef:]go) must satisfy

3 1 2 o(0) _
. _—  (k.k. - k%§,.) + €, : =0 .
A uo(w +1§)2 ( 13 513) £1j EKJ (68)
N
. Taking the inner product of equation (68) with e,:: and using equations (49),
- (50), and (62) and ugl = eocZ produces
s €o¢% 2ot 220, - k2 o c? (#.20)(R.20*
b 2 (ek-ek'k-k]+e -eow—z(oek](oek)=0 (69)
o
Cd
’ or
o
- d .
k2¢2 _ g% | (70)
w? €o o
. )
. SH. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi- :::::«
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories HDL-TR- .-_‘.~:
1996 (1983). ‘_!“
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Substituting equation (70) in equation (67) results in

@O =3 [ ax (29K w) + w &2 (K, 0))|E0(O)|2 . (71)

} Equivalently, equation (71) becomes

o

=1 (o aw 2 (9K, w0l
w” =2 ] 4% dw - (e (k) w)w

A (72)

One can also express the energy density in the field in terms of the photon

number density Ng as follows:

3t
wd = [ 4 oNg | (73)
] (2n)3 wka

where wﬁ is the frequency of the mode ¢ as determined by the dispersion rela-
tion. Equivalently, equation (73) may be written

a3
<Y = f —(2—1'—)-3- mﬂgé((» - “’]2) . (74)

Comparing equations (72) and (74), we find

3
M5 - of) = 3 2 (K wa2) |5 2 (75)

Equation (29) may be equivalently written




- PRI |
Y
by 3 32
o) dkdwdxdp
i 8= - BR(& - %) (Yp ez JVE o (EK)N
i\.':‘:'{ (27 )9 PB PqrPg k )
: (76) 3
2 x 8(w - %5 + (% - K)¥,)8(0 - uf) )
3 :
<¥0 C
ey vwhere the integral of a delta function over w has been inserted. Therefore,
< after substituting equation (75) in equation (76), we finally obtain
o
N
e
"i?;
=
", % 3+ 3*) 3‘)
) d’k dw d°«k d°p
»> 81 3 > >
F = -4n3 — - (wPe%(k, w))x v, £>
‘\. a ] (2")9 wz YR ( 4 ) ( ) ( Pg P )
N 5(0)
) LY <>
:}": x szgs( ﬁ)l ' 6w - Re¥y + (¥ - )-vB) .
e
-r"g
~
';-.’ . Equation (77) expresses the general form for the force on a particle due to
ﬁ: induced bremsstrahlung. The dispersive properties of the beam-plasma system
"
" enter explicitly in equation (77) through the dielectric constant eo(ﬁ.m) and
.,-‘ implicitly through the transition probability.
4 -
)
LA
~ L]
a5
. S. CONCLUSION
LAY
i
$$§ The general form has been derived for the collective bremsstrahlung recoil
>
}: force in a nonequilibrium relativistic beam-plasma system, namely,
.
NG adpp a3y a3k
. 30 . g >0 > e g
. - k(% = kK)o(¥, £» )V ->
& o S R R - R (gt VR (5)
ey
\A
ey (78)
- (¢} <+ >
0 x Ngs(wk - Redy + (R - R)eFg) . g
'I:J :\
i~y B
)
o :
s =
s [ )
v ;
: 3
4
AR e
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Here fg is the force on a particle of species a and velocity i'ra due to its %4
participation in a bremsstrahlung process in which it interacts with a parti-~ i'.:::f
cle of species B8 and wvelocity 38' resulting in a momentum transfer ¥ - £ to .-—-
that particle. A bremsstrahlung photon of wave vector £ and frequency tqg in E
mode ¢ is emitted. The functions fBB and Nl% are the particle and photon :i
distributions, respectively, and VB 58 is the bremsstrahlung transition rate :j:::.:;
with energy conservation already factored out. The photon distribution func-~ :i
tion N.E can be expressed in terms of the bremsstrahlung field by equation (75) "-1
to obtain an equivalent form given by equation (77). £quation (78) was used :;:-:.j
by Akopyan and Tsytovich!’2 to obtain an expression for the collective brems-~ ,*'

7.

strahlung transition rate by means of direct comparison with another expres-
sion for the collective bremsstrahlung recoil force, which was determined from
the equation of motion for a dynamically polarized test particle undergoing

bremsstrahlung.

The present calculation, together with previous work by the author (see
Selected Bibliography), is important for ongoing work in calculating collec-
tive radiation processes and conditions for the occurrence of radiative in-

stability in relativistic beam-plasma systems.

ly. N. Tsytovich, Bremsstrahlung of a Relativistic Plasma, Tr. Fiz. Inst.
Akad. Nauk SSSR, 66 (1973), 191 (Proc (TRUDY) of P. N. Lebedev Physics Inst.,
66 (1975), 199].

23, v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plasmy, 1 (1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].
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